Let Λ be a finite abelian group. A dynamical system with transformation group Λ is a triple (A, Λ, α), consisting of a unital locally convex algebra A, the finite abelian group Λ and a group homomorphism α : Λ → Aut(A), which induces an action of Λ on A. In this paper we present a new, geometrically oriented approach to the noncommutative geometry of principal bundles with finite abelian structure group based on such dynamical systems.
Introduction
The correspondence between geometric spaces and commutative algebras is a familiar and basic idea of algebraic geometry. Noncommutative Topology started with the famous Gelfand-Naimark Theorems: Every commutative C*-algebra is the algebra of continuous functions vanishing at infinity on a locally compact space and vice versa. In particular, a noncommutative C*-algebra may be viewed as "the algebra of continuous functions vanishing at infinity" on a "quantum space". The aim of Noncommutative Geometry is to develop the basic concepts of Topology, Measure Theory and Differential Geometry in algebraic terms and then to generalize the corresponding classical results to the setting of noncommutative algebras. The question whether there is a way to translate the geometric concept of a fibre bundle to Noncommutative Geometry is quite interesting in this context. In the case of vector bundles a refined version of the Theorem of Serre and Swan [15] gives the essential clue: The category of vector bundles over a manifold M is equivalent to the category of finitely generated projective modules over C ∞ (M ). It is therefore reasonable to consider finitely generated projective modules over an arbitrary algebra as "noncommutative vector bundles". The case of principal bundles is so far not treated in the same satisfactory way. From a geometrical point of view it is not sufficiently well understood what a "noncommutative principal bundle" should be. Still, there are several approaches towards the noncommutative geometry of principal bundles: For example, there is a well-developed abstract algebraic approach known as Hopf-Galois extensions which uses the theory of Hopf algebras (cf. [14] , [8, Chapter VII] and [10] ). Another topologically oriented approach can be found in [5] ; here the authors use C * -algebraic methods to develop a theory of principal noncommutative torus bundles based on Green' s Theorem (cf. [7, Corollary 15] ). Furthermore, the authors of [2] introduce C * -algebraic analogs of freeness and properness, since by a classical result (of Differential Geometry) having a free and proper action of a Lie Group G on a manifold P is equivalent saying that P carries the structure of a principal bundle with structure group G. In [19] we have developed a geometrically oriented approach to the noncommutative geometry of principal bundles based on dynamical systems and the representation theory of the corresponding transformation groups.
As is well-known from classical Differential Geometry, the relation between locally and globally defined objects is important for many constructions and applications. For example, a principal bundle (P, M, G, q, σ) can be considered as a geometric object that is glued together from local pieces which are trivial, i.e., which are of the form U × G for some open subset U of M . Thus, a natural step towards a geometrically oriented theory of "noncommutative principal bundles" is to describe the trivial objects first, i.e., to determine and to classify the "trivial" noncommutative principal bundles. The case of the n-torus, i.e., G = T n , was treated in [18] : Definition 1.1. (Trivial noncommutative principal torus bundles). A (smooth) dynamical system (A, T n , α) is called a (smooth) trivial noncommutative principal T n -bundle, if each isotypic component A k , k ∈ Z n , contains an invertible element.
A hint for the quality of this definition for trivial noncommutative principal torus bundles is the observation that they have a natural counterpart in the theory of Hopf-Galois extensions: In fact, up to a suitable completion, they correspond to the so-called cleft C[Z n ]-comodule algebras; a notion that is close, although in general not equivalent, to the triviality of a principal bundle: Remark 1.2. (Relation to cleft Hopf-Galois extensions). Let G be a group. An algebra A is a C[G]-comodule algebra if and only if A is a G-graded algebra (cf. [3, Lemma 4.8] ). Moreover, we conclude from [14, Example 2.1.4] that a G-graded algebra A = g∈G A g is a Hopf-Galois extension (of A 1G ) if and only if A is strongly graded, i.e., if A g A g ′ = A gg ′ for all g, g ′ ∈ G. Now, a short calculation shows that a C[G]-comodule algebra A is cleft if and only if each grading space A g contains an invertible element. For more background on Hopf-Galois extensions, in particular for the definition of cleft extensions, we refer to [14, Section 2.2] .
Unfortunately, if Λ is a finite abelian group, then the class of cleft C[Λ]-comodule algebras do not extend the classical geometry of trivial principal Λ-bundles.
Our approach is inspired by the following observation: Without loss of generality we may assume that Λ = C n1 × · · · × C n k , where k ∈ N and each C ni denotes the cyclic group of order n i . A principal Λ-bundle (P, M, Λ, q, σ) is trivial if and only if it admits a trivialization map. Such a trivialization map consists basically of k (smooth) functions f i : P → C ni satisfying f ni i = 1 and f i (σ(p, λ)) = f i (p) · λ i for all p ∈ P and λ = (λ 1 , . . . , λ k ) ∈ Λ. From an algebraical point of view this condition means that each isotypic component of the (naturally) induced dynamical system (C ∞ (P ), Λ, α) contains an invertible element of (some prescribed) finite order.
In Section 2 we present a geometrically oriented approach to the noncommutative geometry of trivial principal C n -bundles based on dynamical systems of the form (A, C n , α). We will in particular see that this approach extends the classical geometry of trivial principal C n -bundles: If A = C ∞ (P ) for some manifold P , then we recover a trivial principal C n -bundle and, conversely, each trivial principal bundle (P, M, C n , q, σ) gives rise to a trivial noncommutative principal C n -bundle of the form (C ∞ (P ), C n , α).
While in classical (commutative) differential geometry there exists up to isomorphy only one trivial principal C n -bundle over a given manifold M , the situation completely changes in the noncommutative world. Indeed, Fourier decomposition shows that the underlying algebraic structure of a trivial noncommutative principal C n -bundle (A, C n , α) is the one of a so-called (C n , A Cn )-crossed product algebra, which are described and classified in Appendix A. Thus, given a unital algebra B (which serves as a " base"), the main goal of the third section is to provide a complete classification of (C n , B)-crossed product algebras for which the associtated sequence (1) of groups is split, i.e., to classify all "algebraically" trivial noncommutative principal C n -bundles with fixed point algebra B.
The goal of Section 4 is to extend the results of Section 2 to finite abelian groups (which are, up to an isomorphism, products of cyclic groups), i.e., to present a geometrically oriented approach to the noncommutative geometry of trivial principal bundles with finite abelian structure group based on dynamical systems of the form (A, Λ, α), where Λ denotes a finite abelian group. Again, we will see that this approach extends the classical geometry of trivial principal Λ-bundles: If A = C ∞ (P ) for some manifold P , then we recover a trivial principal Λ-bundle and, conversely, each trivial principal bundle (P, M, Λ, q, σ) gives rise to a trivial noncommutative principal Λ-bundle of the form (C ∞ (P ), Λ, α). Moreover, we present a bunch of examples of trivial noncommutative principal Λ-bundles. In particular, given n ∈ N, we will see that the matrix algebra M n (C) carries the structure of a trivial noncommutative principal C n × C n -bundle. Furthermore, the last part of Section 4 is dedicated to some ideas and problems concerning a classification theory of " algebraically" trivial noncommutative principal Λ-bundles (with a prescribed fixed point algebra B).
Again, let Λ be a finite abelian group. Section 5 is finally devoted to a geometrically oriented approach to the noncommutative geometry of principal Λ-bundles.
Since the freeness property of a group action is a local condition (cf. [21, Remark 8.10] ), our main idea is inspired by the classical setting: Loosely speaking, a dynamical system (A, Λ, α) is called a noncommutative principal Λ-bundle, if it is "locally" a trivial noncommutative principal Λ-bundle in the sense of Section 4. At this point a localization method for non-commutative algebras or, more generally, for dynamical systems enters the game (cf. [21] ). We prove that this approach extends the classical theory of principal Λ-bundles and present some noncommutative examples. In fact, we first show that each trivial noncommutative principal Λ-bundle carries the structure of a noncommutative principal Λ-bundle in its own right. We further show that examples of noncommutative principal Λ-bundles are provided by sections of algebra bundles with trivial noncommutative principal Λ-bundle as fibre, sections of algebra bundles which are pull-backs of principal Λ-bundles and sections of trivial equivariant algebra bundles.
Let G be a group and B be a unital algebra. A (G, B)-crossed product algebra is a G-graded unital algebra with A 1G = B and the additional property that each grading space contains an invertible element. For example, if G is abelian and B = C, then a (G, B)-crossed product algebra is the same as a G-quantum torus in the terminology of [13] . In Appendix A we introduce a "cohomology theory" for crossed product algebras, which is inspired by the classical cohomology theory of groups. The corresponding cohomology spaces are crucial for the classification of trivial noncommutative principal bundles with compact abelian structure group. A detailed discussion for the case G = Z n can be found in [18] . Finally, given a compact abelian group G, the last part of the appendix is devoted to a Landstad duality theorem for C * -dynamical systems (A, G, α) with the property that each isotypic component contains an invertible element. We did not find such a result in the literature.
The present paper is part of a larger program with the intend of finding a geometric approach to noncommutative principal bundles (cf. [19] , [18] and [21] ).
Preliminaries and Notations
All manifolds appearing in this paper are assumed to be finite-dimensional, paracompact, second countable and smooth. For the necessary background on (principal) bundles and vector bundles we refer to [9] . All algebras are assumed to be associative and complex if not mentioned otherwise. Given an algebra A, we write Γ A := Hom alg (A, C)\{0} (with the topology of pointwise convergence on A) for the spectrum of A and Aut(A) for the corresponding group of automorphisms in the category of A. Moreover, a dynamical system is a triple (A, G, α), consisting of a unital locally convex algebra A, a topological group G and a group homomorphism α : G → Aut(A), which induces a continuous action of G on A. We will also make use of concepts coming from classical group cohomology: If G, H are groups and p ∈ N 0 , we say that a map f :
. . , g p ) = 1 H and write C p (G, H) for the space of all normalized maps G p → H, the so called pcochains. For a detailed background on group cohomology we refer to [11, Chapter IV] . Finally, for n ∈ N we write
for the cyclic subgroup of T of n-th roots of unity.
2 Trivial noncommutative principal C n -bundles
In this section we present a geometrically oriented approach to the noncommutative geometry of trivial principal C n -bundles based on dynamical systems of the form (A, C n , α). We will in particular see that this approach extends the classical geometry of trivial principal C n -bundles: If A = C ∞ (P ) for some manifold P , then we recover a trivial principal C n -bundle and, conversely, each trivial principal bundle (P, M, C n , q, σ) gives rise to a trivial noncommutative principal C n -bundle of the form (C ∞ (P ), C n , α).
Notation 2.1. We recall that the map
is an isomorphism of abelian groups. In the following we will identify the character group of C n with C n via the isomorphism Ψ. In particular, if A is a unital locally convex algebra and (A, C n , α) a dynamical system, then we write
Remark 2.3. Let (A, C n , α) be a dynamical system such that each isotypic component A k , k = 0, 1, . . . , n − 1, contains an invertible element. Then the set
of homogeneous units is a subgroup of A × containing A × 0 and we thus obtain the following short exact sequence
of groups, where q(a k ) := ζ k .
Proposition 2.4. A dynamical system (A, C n , α) is a trivial noncommutative principal C n -bundle if and only if the associtated sequence (1) is split, i.e., if there is a group homomorphism σ :
Proof (" ⇒ ") For this direction we first choose an invertible element a 1 ∈ A 1 satisfying a n 1 = 1 A . Then a short calculation shows that the map σ :
k defines a group homomorphism splitting the associated sequence (1) of groups.
(" ⇐ ") Let σ : C n → A × h be a group homomorphism splitting the associated sequence (1) of groups and put a k := σ(ζ) k . Then a k ∈ A k is invertible by definition and satisfies a
Remark 2.5. Let (A, C n , α) be a trivial noncommutative principal C n -bundle and σ : C n → A × h a group homomorphism which splits (1) . Then the map
is an isomorphism of groups, where the semidirect product is defined by the homomorphism
Lemma 2.6. Let (A, C n , α) be a dynamical system and B := A Cn . Then the following statements are equivalent:
(a) There exist invertible elements a 1 ∈ A 1 and b 1 ∈ B such that a 
This direction is obvious.
Proposition 2.7. Let (A, C n , α) be a dynamical system such that B := A Cn is a central subalgebra of A. Then (A, C n , α) is a trivial noncommutative principal C n -bundle if and only if (A, C n , α) satisfies one of the equivalent conditions of Lemma 2.6.
Proof (" ⇒ ") This direction immediately follows from Definition 2.2.
(" ⇐ ") For the other direction we first choose invertible elements a 1 ∈ A 1 and b 1 ∈ B such that a n 1 = b n 1 . Then a short calculation shows that the map σ :
is a group homomorphism which splits the associated sequence (1) of groups.
Lemma 2.8. If A is a unital locally convex algebra and (A, C n , α) a dynamical system such that each isotypic component A k contains an invertible element, then the induced map
defines a free action of C n on the spectrum Γ A of A.
Proof An easy observation shows that σ defines an action of C n on the spectrum Γ A . The crucial part is to verify the freeness of the map σ, i.e., to show that the stabilizer of each element of Γ A is trivial: For this, we first choose an invertible element a 1 ∈ A 1 . Now, let χ ∈ Γ A and 0
implies that ζ l = 1 and thus in turn that l = 0, which proves the freeness of the map σ.
Remark 2.9. If P is a manifold, p ∈ P and δ p the corresponding point evaluation map on C ∞ (P ), then there is a unique smooth structure on the spectrum Γ C ∞ (P ) of C ∞ (P ) for which the map Proposition 2.10. Let P be a manifold and (C ∞ (P ), C n , α) a dynamical system such that each isotypic component C ∞ (P ) k contains an invertible element. Then the map σ :
where we have identified P with the set of characters via the map Φ from Remark 2.9, is smooth and defines a free and proper action of C n on the manifold P . In particular, we obtain a principal bundle (P, P/C n , C n , pr, σ), where pr : P → P/C n denotes the canonical orbit map.
Proof Since the group C n is finite, the map σ is obviously smooth and proper. Its freeness follows from Lemma 2.8. Therefore, the Quotient Theorem implies that we obtain a principal bundle (P, P/C n , C n , pr, σ) (cf. [17, Kapitel VIII, Satz 21.6]).
Theorem 2.11. (Trivial principal C n -bundles). Let P be a manifold. Then the following assertions hold:
is a trivial noncommutative principal C n -bundle, then the corresponding principal bundle (P, P/C n , C n , pr, σ) of Proposition 2.10 is trivial.
(b) Conversely, if (P, M, C n , q, σ) is a trivial principal C n -bundle, then the corresponding dynamical system (C ∞ (P ), C n , α) defined by
is a trivial noncommutative principal C n -bundle.
Proof (a) If (C ∞ (P ), C n , α) is a trivial noncommutative principal C n -bundle, then we may choose an invertible element f ∈ C ∞ (P ) 1 satisfying f n = 1 from which we conclude that im(f ) = C n . In particular, the map
defines an equivalence of principal C n -bundles over P/C n implying that the principal bundle (P, P/C n , C n , pr, σ) of Proposition 2.10 is trivial.
(b) Conversely, let (P, M, C n , q, σ) be a trivial principal C n -bundle and
be an equivalence of principal C n -bundles over M . We first note that the function f ∈ C ∞ (P ) is invertible. Furthermore, the C n -equivariance of ϕ implies that f ∈ C ∞ (P ) 1 . Hence, f ∈ C ∞ (P ) 1 is invertible and satisfies f n = 1. We thus conclude that (C ∞ (P ), C n , α) is a trivial noncommutative principal C n -bundle.
Classification of trivial noncommutative principal C n -bundles
While in classical (commutative) differential geometry there exists up to isomorphy only one trivial principal C n -bundle over a given manifold M , the situation completely changes in the noncommutative world. Indeed, Fourier decomposition shows that the underlying algebraic structure of a trivial noncommutative principal C n -bundle (A, C n , α) is the one of a so-called (C n , A Cn )-crossed product algebra, which are described and classified in AppendixA. Thus, given a unital algebra B (which serves as a " base"), the main goal of this section is to provide a complete classification of (C n , B)-crossed product algebras for which the associtated sequence (1) of groups is split, i.e., to classify all "algebraically" trivial noncommutative principal C n -bundles with fixed point algebra B.
Definition 3.1. Let B be a unital algebra. We say that two group homomorphisms S, S ′ : C n → Aut(B) are equivalent and write in that case S ∼ S ′ if there exists an element h ∈ C 1 (C n , B × ) satisfying the following two conditions:
(
[11, Chapter IV, Section 4] for the corresponding definition) vanishes, where
Remark 3.2. To see that the 2-cochain d S h in Definition 3.1 (ii) is actually a 2-cocycle, we just have to note that condition (i) is equivalent to im(
Lemma 3.3. Let B be a unital algebra. Then ∼ defines an equivalence relation on the set Hom gr (C n , Aut(B)).
Proof For the proof we have to check that ∼ is reflexive, symmetric and transitive:
• "Reflexivity": We just take h ≡ 1 B .
• "Symmetrie": We take h ′ := h −1 . Then a short calculation shows that
• "Transitivity":
Definition 3.4. (Set of equivalence classes)
. Let B be a unital algebra. We write Ext(C n , B) split for the set of all equivalence classes of (C n , B)-crossed product algebras for which the associtated sequence (1) of groups is split.
Proposition 3.5. Let B be a unital algebra and S : C n → Aut(B) a group homomorphism. Then the (C n , B)-crossed product algebra A S := A (S,1) of Construction A.11 defines an element of Ext(C n , B) split .
Proof We just have to note that the map σ :
= v ζ k defines a group homomorphism splitting the associated sequence (1) of groups. Theorem 3.6. Let B be a unital algebra. Then the map
is a well-defined bijection.
Proof We divide the proof of this theorem into three parts:
(i) That the map Φ is well-defined is a consequence of Proposition 3.5 and [12,
(cf. Theorem A.18).
(ii) Next, we show that Φ is surjective: For this, let [A] ∈ Ext(C n , B) split and choose a group homomorphism σ : C n → A (iii) To see that Φ is injective, we choose S, S ′ ∈ Hom gr (C n , Aut(B)) with
× , which in turn implies that
. Now, we conclude from
Corollary 3.7. If B is commutative, then the map
Proof The assertion immediately follows from Theorem 3.6 and the fact that in this case we have S ∼ S ′ if and only if S = S ′ .
Remark 3.8. Let Λ be an abelian group and S : C n → Aut(Λ) be a group homomorphism. Further, let N Λ be the subgroup of Λ generated by the elements of the form λ + S(ζ).λ + . . . + S(ζ n−1 ).λ for λ ∈ Λ, i.e.,
Then we have
In particular, if S is trivial, then H 2 (C n , Λ) ∼ = Λ/nΛ and thus H 2 (C n , Λ) is trivial for divisible Λ. A nice reference for the previous discussion is [11, Chapter IV, Section 7] .
Example 3.9. If B = C, then Aut(B) = {id C }. We thus conclude from Corollary 3.7 and Remark 3.8 that Ext(C n , C) split consists of a single element which is geometrically realized as the trivial principal C n -bundle over a single point { * }, which algebraically corresponds to the group algebra C[C n ].
. We thus conclude from Corollary 3.7 that Ext(C n , C ∞ (M )) split is classified by diffeomorphisms of the manifold M of finite order n. In particular, the trivial principal C n -bundle over M corresponds to the trivial diffeomorphism, i.e., to S = 1.
and according to the well-known Skolem-Noether Theorem each automorphism of M m (C) is inner. In particular, each group homomorphism
. From this we conclude that Ext(C n , M m (C)) split consists of a single element, which is realized by the group algebra M m (C)[C n ] (with multiplication given by the usual convolution product).
4 Trivial noncommutative principal bundles with finite abelian structure group
In the following let Λ be a finite abelian group. The goal of this section is to present a geometrically oriented approach to the noncommutative geometry of trivial principal Λ-bundles based on dynamical systems of the form (A, Λ, α). Again, we will see that this approach extends the classical geometry of trivial principal Λ-bundles: If A = C ∞ (P ) for some manifold P , then we recover a trivial principal Λ-bundle and, conversely, each trivial principal bundle (P, M, Λ, q, σ) gives rise to a trivial noncommutative principal Λ-bundle of the form (C ∞ (P ), Λ, α).
Notation 4.1. Let Λ be a finite abelian group and let {λ 1 , . . . , λ k } be a set of generators of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality. To each such generator λ i we associate an element λ i of its dual group Λ := Hom gr (Λ, T) by defining
Here, the complex numbers ζ i are defined for each i = 1, . . . , k through 
of groups, where q(a λ ) := λ (whenever λ ∈ Λ and a λ ∈ A λ ). If now {λ 1 , . . . , λ k } is a set of generators of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality, then each of the natural inclusion maps ι i : Λ i → Λ gives rise to a pull back extension
of (2). Here, Λ i denotes the subgroup of Λ generated by λ i , i.e., Λ i := λ i gr (note that λ i has by definition order n i ∈ N) and
is a trivial noncommutative principal Λ-bundle if and only if each pull back extension E i (3) of the associtated sequence (2) of groups is split, i.e., if for each i = 1, . . . , k there is a group homo-
Proof (" ⇒ ") For this direction we first choose for each i = 1, . . . , k an invertible element a i ∈ A λi satisfying a ni i = 1 A . Then a short calculation shows that the map
defines a group homomorphism splitting the pull back extension
h,i be a group homomorphism splitting the the pull back extension E i and put a i := σ( λ i ). Then a i ∈ A λi is invertible by definition and satisfies
Lemma 4.6. If A is a unital locally convex algebra and (A, Λ, α) a dynamical system such that each isotypic component contains an invertible element, then the induced map
defines a free action of Λ on the spectrum Γ A of A.
Proof The proof of this assertion is similar to the proof of Lemma 2.8. Alternatively, we refer to [20, Proposition 5.6 ].
Proposition 4.7. Let P be a manifold and (C ∞ (P ), Λ, α) a dynamical system such that each isotypic component contains an invertible element. Then the map
where we have identified P with the set of characters via the map Φ from Remark 2.9, is smooth and defines a free and proper action of Λ on the manifold P . In particular, we obtain a principal bundle (P, P/Λ, Λ, pr, σ), where pr : P → P/Λ denotes the canonical orbit map.
Proof Since the group Λ is finite, the map σ is obviously smooth and proper. The freeness of σ is a consequence of Lemma 4.6. Therefore, the Quotient Theorem implies that we obtain a principal bundle (P, P/Λ, Λ, pr, σ) (cf. [17, Kapitel VIII, Satz 21.6]).
Theorem 4.8. (Trivial principal Λ-bundles).
If P is a manifold, then the following assertions hold:
is a smooth trivial NCP Λ-bundle, then the corresponding principal bundle (P, P/Λ, Λ, pr, σ) of Proposition 4.7 is trivial.
(b) Conversely, if (P, M, Λ, q, σ) is a trivial principal Λ-bundle, then the corresponding smooth dynamical system (C ∞ (P ), Λ, α) defined by
is a trivial noncommutative principal Λ-bundle.
is a trivial noncommutative principal Λ-bundle, then there exist a set of generators {λ 1 , . . . , λ k } of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality and invertible elements f i ∈ C ∞ (P ) λi satisfying f ni i = 1. From this we immediately conclude that im(f i ) = C ni . Moreover, we note that the map µ :
, is an isomorphism of finite abelian groups. Now, a short observation shows that
defines an equivalence of principal Λ-bundles over P/Λ implying that the principal bundle (P, P/Λ, Λ, pr, σ) of Proposition 4.7 is trivial.
(b) Conversely, let (P, M, Λ, q, σ) be a trivial principal Λ-bundle and let ϕ : P → M × Λ be an equivalence of principal Λ-bundles over M . Then ϕ induces a Λ-equivariant isomorphism of unital locally convex algebras between C ∞ (P ) and C ∞ (M × Λ) and thus the statment follows from the observation that
holds as a consequence of Fourier decomposition.
Some more examples
In this subsection we present a bunch of examples of trivial noncommutative principal Λ-bundles. For this we recall that the dual group Λ also carries the structure of a finite abelian group. Moreover, given n ∈ N, we will see that the matrix algebra M n (C) carries the structure of a trivial noncommutative principal C n ×C n -bundle.
Construction 4.9. (ℓ 1 -crossed products). Let (A, · , * ) be an involutive Banach algebra and (A, Λ, α) a dynamical system. Note that this means that Λ acts by isometries of A. We write F (Λ, A) for the vector space of functions f : Λ → A and define a multiplication on this space by
Moreover, an involution is given by
These two operations are continuous for the ℓ 1 -norm
For consistency we write ℓ 1 (A ⋊ α Λ) for the corresponding involutive Banach algebra.
Proposition 4.10. If (A, · , * ) is an involutive Banach algebra and (A, Λ, α) a dynamical system, then the map
defines an action of Λ on ℓ 1 (A ⋊ α Λ) by algebra automorphisms. In particular, the triple
defines a dynamical system.
Proof The proof of this lemma is similar to the proof of [18, Lemma 2.6].
Example 4.11. If (A, · , * ) is an involutive Banach algebra and (A, Λ, α) a dynamical system, then the dynamical system (ℓ 1 (A ⋊ α Λ), Λ, α) is a trivial NCP Λ-bundle. Indeed, given a set of generators {λ 1 , . . . , λ k } of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality, we define
show that δ i is an invertible element of ℓ 1 (A ⋊ α Λ) lying in the isotypic component ℓ 1 (A ⋊ α Λ) λi . From this observation and δ ni i = 1 we conclude that ℓ 1 (A ⋊ α Λ) is a trivial noncommutative principal Λ-bundle.
Example 4.12. If (A, · , * ) is an involutive Banach algebra and (A, Λ, α) a dynamical system, then the action α of Proposition 4.10 extends to a continuous action of Λ on the enveloping C * -algebra C * (A ⋊ α Λ) by algebra automorphisms. For details we refer to the [16] . In particular, the corresponding dynamical system
is a trivial noncommutative Λ-bundle. This follows exactly as in Example 4.11. 
for all λ, λ ′ , λ ′′ ∈ Λ. We write Z 2 (Λ, T) for the space of all 2-cocycle on Λ with values in T.
Construction 4.14. (ℓ 1 -spaces associated to 2-cocycles). Let (A, · , * ) be an involutive Banach algebra and ω a 2-cocycle in Z 2 (Λ, T). The involutive Banach algebra ℓ 1 (A × ω Λ) is defined similar to Construction 4.9 by introducing a twisted multiplication (f ⋆ g)(λ) :=
and an involution (f
In fact, the cocycle property ensures that the multiplication is associative. The enveloping C * -algebra of ℓ 1 (A× ω Λ) is called the twisted A-valued group C * -algebra of Λ by ω and denoted by C * (A × ω Λ).
Example 4.15. Let (A, · , * ) be an involutive Banach algebra and ω a 2-cocycle in Z 2 ( Λ, T). Similarly to Proposition 4.10, we see that the map
defines an action of Λ on ℓ 1 (A × ω Λ) by algebra automorphisms. Moreover, the corresponding dynamical system
turns out to be a trivial noncommutative principal Λ-bundle (cf. Example 4.11). 
We note that the matrices R and S are unitary and satisfy the relations R n = 1, S n = 1 and RS = ζ · SR. Further, they generate a C * -subalgebra which clearly commutes only with the multiples of the identity, so it has to be the full matrix algebra. The map
for k, l = 0, 1, . . . , n − 1 defines a smooth group action of C n × C n on M n (C) with fixed point algebra C. We now conclude from
Some remarks on the classification of trivial noncommutative principal bundles with finite abelian structure group
In Section 3 we gave a complete classification of all "algebraically" trivial noncommutative principal C n -bundles with a prescribed fixed point algebra B. Unfortunately, a similar classification theory for a general noncommutative principal Λ-bundles seems to be much more involved. As before, Fourier decomposition shows that the underlying algebraic structure of a trivial noncommutative principal Λ-bundle (A, Λ, α) is the one of a so-called ( Λ, A Λ )-crossed product algebra, which are described and classified in Appendix A. Thus, given a unital algebra B (which serves as a "base"), the main goal of this short subsection is to discuss some ideas and problems concerning a complete classification of (Λ, B)-crossed product algebras for which the corresponding pull back extensions of the associtated sequence (2) of groups is split, i.e., to classify all " algebraically" trivial noncommutative principal Λ-bundles with fixed point algebra B (cf. Remark 4.4 and Proposition 4.5).
Notation 4.18. Let B be a unital algebra. Then Ext(Λ, B) denotes the set of all equivalence classes of (Λ, B)-crossed product algebras (cf. Definition A.9) and we recall that according to Theorem A.15, the map
is a well-defined bijection, i.e., the cohomology space H 2 (Λ, B) from Subsection A classifies set of all equivalence classes of (Λ, B)-crossed product algebras. Next, given a set {λ 1 , . . . , λ k } of generators of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality and a class [A] ∈ Ext(Λ, B) with χ(A) = [(S, ω)], we write Λ i for the subgroup of Λ generated by λ i , i.e., Λ i := λ i gr and [(S i , ω i )] ∈ H 2 (Λ i , B) for the factor system of the corresponding pull back extension E i (cf. Remark 4.4). Definition 4.19. Let B be a unital algebra. We write Ext(Λ, B) ss for the set of all equivalence classes of (Λ, B)-crossed product algebras for which there exists a set {λ 1 , . . . , λ k } of generators of Λ (having order n 1 , . . . , n k ∈ N) of minimal cardinality such that [A (Si,ωi) ] ∈ Ext(Λ i , B) split for all i = 1, . . . , k (cf. Definition 3.4 and Construction A.11). Here, "ss" stands for "semisplit". 
A short observation shows that the class of the trivial noncommutative principal 5 Non-trivial noncommutative principal bundles with finite abelian structure sroup
The main goal of this section is to present a geometrically oriented approach to the noncommutative geometry of principal Λ-bundles. Since the freeness property of a group action is a local condition (cf. [21, Remark 8.10]), our main idea is inspired by the classical setting: Loosely speaking, a dynamical system (A, Λ, α) is called a noncommutative principal Λ-bundle, if it is "locally" a trivial noncommutative principal Λ-bundle in the sense of Section 4. We prove that this approach extends the classical theory of principal Λ-bundles and present some noncommutative examples. In fact, we first show that each trivial noncommutative principal Λ-bundle carries the structure of a noncommutative principal Λ-bundle in its own right. We further show that examples of noncommutative principal Λ-bundles are provided by sections of algebra bundles with trivial noncommutative principal Λ-bundle as fibre, sections of algebra bundles which are pull-backs of principal Λ-bundles and sections of trivial equivariant algebra bundles.
Notation 5.1. Let A be a unital locally convex algebra and C ∞ (R, A) the algebra of smooth A-valued function on R endowed with the smooth compact open topology. For each a ∈ A we define an element of C ∞ (R, A) by f a : R → A, t → 1 A − ta and write I a for the closure of the two-sided ideal generated by this element. We further write A {a} := C ∞ (R, A)/I a for the corresponding locally convex quotient algebra and call it the smooth localization of A with respect to a. Given a dynamical system (A, Λ, α) and an element z in the fixed point algebra of the induced action of Λ on the center C A of A, i.e., an element z ∈ C Λ A , the map
defines an action of Λ on A {z} by algebra automorphisms. In particular, the triple (A {z} , Λ, α {z} ) is a dynamical system and is called the smooth localization of (A, Λ, α) associated to the element z ∈ C Λ A . For a solid background on the previous discussion we refer to the first part of [21] . (ii) The localized dynamical systems (A {zi} , Λ, α {zi} ) are trivial noncommutative principal Λ-bundles.
Theorem 5.4. (Reconstruction Theorem). For a manifold P , the following assertions hold:
(a) If P is compact and (C ∞ (P ), Λ, α) is a noncommutative principal Λ-bundle, then we obtain a principal Λ-bundle (P, P/Λ, Λ, pr, σ).
(b) Conversely, if (P, M, Λ, q, σ) is a principal Λ-bundle, then the corresponding dynamical system (C ∞ (P ), Λ, α) is a noncommutative principal Λ-bundle.
Proof The proof of this theorem is similar to the proof of [21, Theorem 8.11] . In fact, for part (a) we recall that if A is a commutative unital locally convex algebra and (A, Λ, α) a trivial noncommutative principal Λ-bundle, then the induced action of Λ on the spectrum Γ A of A is free (cf. Propositon 4.7). For part (b) we have to add Theorem 4.8.
Example 1: Trivial noncommutative principal Λ-bundles
We show that each trivial noncommutative principal Λ-bundle carries the structure of a noncommutative principal Λ-bundle: 
carries the structure of a trivial noncommutative principal Λ-bundle.
Proof The claim directly follows from [21, Lemma 7.5] and the fact that the algebra A is naturally embedded in C ∞ (M, A) through the constant maps. In fact, if λ ∈ Λ (again, Λ denotes the dual group of Λ), then the corresponding isotypic component
Remark 5.7. (The automorphism group of a dynamical system). Let (A, Λ, α) be a dynamical system. The group
is called the automorphism group of the dynamical system (A, Λ, α).
Example 5.8. Let (M n (C), C n × C n , α) be the trivial noncommutative principal C n × C n -bundle of Example 4.17. Then we have
Indeed, we first recall that M n (C) is generated by the unitaries R and S. If now ϕ ∈ Aut Cn×Cn (M n (C)), then a short observation leads to ϕ(R) = λ R · R and to ϕ(S) = λ S · S for some λ R , λ S ∈ C n . In particular, each element in Aut Cn×Cn (M n (C)) corresponds to an element in C n × C n and vice versa.
Theorem 5.9. Let A be a unital Fréchet algebra and (A, Λ, α) a trivial noncommutative principal Λ-bundle such that C Λ A is isomorphic to C. Further, let M be a manifold, (U i ) i∈I an open cover of M and
then the following assertions hold:
(a) There exists an algebra bundle (A, M, A, q) and bundle charts ϕ i :
where i ∈ I with x = q(a) ∈ U i and a 0 ∈ A with ϕ i (x, a 0 ) = a, defines an action of Λ on A by fibrewise algebra automorphisms.
defines an action of Λ on the corresponding space ΓA of sections by algebra automorphisms. Furthermore, the triple (ΓA, Λ, β) carries the structure of a noncommutative principal Λ-bundle.
Proof The first assertion of this theorem is a consequence of [21, Proposition 8.17] . The proof of the second assertion is similar to the proof of [21, Theorem 8.20] . In fact, we just have to add Proposition 5.6.
Example 5.10. (Non-triviality of the previous construction). In this example we show that the previous construction actually leads to non-trivial examples. For this we apply Theorem 5.9 to the trivial noncommutative principal C n ×C n -bundle (M n (C), C n × C n , α) of Example 4.17. In view of Example 5.8 we have
In particular, a similar argument as in [18, Proposition 2.1.14] implies that there is a one-to-one correspondence between the algebra bundles arising from Theorem 5.9 (a) and principal C n × C n -bundles. Thus, if (A, M, M n (C), q) is such an algebra bundle which corresponds to a non-trivial principal C n × C n -bundle, then also (A, M, M n (C), q) is non-trivial as algebra bundle. We claim that the associated dynamical system (ΓA, C n × C n , β) of Theorem 5.9 (b) is a non-trivial noncommutative principal C n × C n -bundle. To prove this claim we assume the converse, i.e., that (ΓA, C n × C n , β) is a trivial noncommutative principal C n × C n -bundle. For this, we proceed as follows: (i) Since (ΓA, C n × C n , β) is assumed to be a trivial noncommutative principal C n × C n -bundle, there exist two generators λ 1 , λ 2 of C n × C n and invertible elements
and
The same construction applied to s 2 shows that s
(iii) Next, we recall that M n (C) is generated by the unitaries R and S. Therefore it is also generated by the unitaries V 1 and V 2 , i.e., its elements can uniquely be written as finite sums of the form
(iv) We now show that the map
is an equivalence of algebra bundles over M . Indeed, ϕ is bijective and fibrewise an algebra automorphism. Moreover, the map ϕ is smooth if and only if the map
is smooth for each i ∈ I. Since
we conclude that
, that ψ i is smooth as a composition of smooth maps. A similar argument shows the smoothness of the inverse map.
(v) We finally achieve the desired contradiction: In view of part (iv), A is a trivial algebra bundle contradicting the construction of A, i.e., that A is non-trivial as algebra bundle. This proves the claim.
Example 3: Sections of algebra bundles which are pull-backs of principal Λ-bundles
We show that if A is a unital Fréchet algebra with trivial center, (A, M, A, q) an algebra bundle and (P, M, Λ, π, σ) a principal Λ-bundle, then the algebra of sections of the pull-back bundle
carries the structure of a noncommutative principal Λ-bundle. We start with the following lemma:
Proposition 5.11. If A is a unital locally convex algebra and M a manifold, then the map
defines an action of Λ on C ∞ (M × Λ, A) by algebra automorphisms. In particular, the triple (C ∞ (M × Λ, A), Λ, α) carries the structure of a trivial noncommutative principal Λ-bundle.
Proof For the proof we just have to note that the algebra
Theorem 5.12. Let A be a unital Fréchet algebra with trivial center, (A, M, A, q) an algebra bundle and (P, M, Λ, π, σ) a principal bundle. If π * (A) is the pull-back bundle over P and A := Γπ * (A) the corresponding space of sections, then the following assertions hold:
defines an action of Λ on π * (A). Moreover, the map
defines an action of Λ on A by algebra automorphisms.
(b) The dynamical system (A, Λ, α) carries the structure of a noncommutative principal Λ-bundle.
Proof The first assertion of this theorem is a consequence of [21, Lemma 8.24 and Proposition 8.25]. The proof of the second assertion is similar to the proof of [21, Theorem 8.26 ]. In fact, we just have to add Proposition 5.11.
Example 5.13. (Non-triviality of the previous construction). In this example we show that the previous construction actually leads to non-trivial examples. Therefore let n ∈ N with n > 1 and ζ := exp( 2πi n ). Further, let m ∈ N such that ζ m = ζ (e.g. m = n+1) and choose any algebra bundle A over T 2 with fibre M m (C) (e.g. take the smooth two-dimensional quantum torus T ). Then, the pull-back along the non-trivial principal bundle (covering) defined by the natural action of C n × C n on T 2 , i.e., by
for k, l = 0, 1, . . . , n−1, leads to an algebra bundle π * (A) over T 2 with fibre M m (C). We claim that the associated dynamical system (A, C n ×C n , α) of Theorem 5.12 (a) is a non-trivial noncommutative principal C n × C n -bundle. To prove this claim we assume the converse, i.e., that (A, C n × C n , α) is a trivial noncommutative principal C n × C n -bundle and proceed as follows:
(i) In the following let (ϕ i , U i ) i∈I be a bundle atlas of the pull-back bundle π * (A) over T 2 . For a section s ∈ A and i ∈ I we write
. We recall that s j (t) = g ji (t).s i (t) holds for all i, j ∈ I and t ∈ U i ∩ U j , where
denotes the smooth map defined by the transition function ϕ
(ii) Let s ∈ A. We show that the map
for i ∈ I with z ∈ U i , is well-defined and smooth: In fact, the crucial point is to show that the map Det(s) is well-defined: For this let i, j ∈ I with z ∈ U i ∩ U j . Since each automorphism of the matrix algebra M m (C) is inner (cf. the well-known Skolem-Noether Theorem), we easily conclude that
The smoothness of the map Det(s) follows from the local description by a smooth function.
(iii) Since (A, C n × C n , α) is assumed to be a trivial noncommutative principal C n × C n -bundle, there exist two generators λ 1 , λ 2 of C n × C n and invertible elements F 1 ∈ A λ1 and F 2 ∈ A λ2 satisfying F
for all k, l = 0, 1, . . . , n−1. Thus, f 1 is an invertible element in C ∞ (T 2 ) λ1 satisfying f n 1 = 1 (here we have used that the action of C n ×C n on A restricts to an action on
The same construction applied to F 2 gives an invertible element
(v) Finally, part (iv) leads to a contradiction: Indeed, we conclude just as in the proof of Theorem 4.8 (a) that the smooth functions f 1 and f 2 have image C n and define an equivalence of principal C n × C n -bundles over T 2 /(C n × C n ) ∼ = T 2 . But this is not possible, since T 2 is connected.
Example 4: Sections of trivial equivariant algebra bundles
We now consider again a principal bundle (P, M, Λ, q, σ) and, in addition, a unital locally convex algebra A. If π : Λ × A → A defines a smooth action of Λ on A by algebra automorphisms, then (p, a).λ := (p.λ, π(λ −1 ).a) defines a (free) action of Λ on P × A and one easily verifies that the trivial algebra bundle (P × A, P, A, q P ) is Λ-equivariant. Moreover, a short observation shows that the map
defines a smooth action of Λ on C ∞ (P, A) by algebra automorphisms. We recall that the corresponding fixed point algebra is isomorphic (as C ∞ (M )-algebra) to the space of sections of the associated algebra bundle
over M . In fact, bundle charts of (P, M, Λ, q, σ) induces bundle charts for the associated algebra bundle.
Lemma 5.14. If we apply the previous situation to the trivial principal bundle (M × Λ, M, Λ, q M , σ Λ ), then the corresponding dynamical system (C ∞ (M × Λ, A), Λ, α) carries the structure of a trivial noncommutative principal Λ-bundle with fixed point algebra C ∞ (M, A).
Proof For the proof we again just have to note that the algebra
Theorem 5.15. If (P, M, Λ, π, σ) is a principal bundle, A a unital Fréchet algebra with trivial center and π : Λ × A → A a smooth action of Λ on A, then the dynamical system (C ∞ (P, A), Λ, α) is a noncommutative principal Λ-bundle.
Proof The proof of this theorem is similar to the proof of [21, Theorem 8.30 ]. In fact, we just have to add Lemma 5.14).
Example 5.16. We want to apply Theorem 5.15 to the the non-trivial principal bundle (covering) defined by the natural action of C m × C m on T 2 , i.e., by
for k, l = 0, 1, . . . , m− 1, the algebra M m (C) and the action of 
A Classification of crossed product algebras
Let G be a group and B be a unital algebra. A (G, B)-crossed product algebra is a G-graded unital algebra with A 1G = B and the additional property that each grading space contains an invertible element. For example, if G is abelian and B = C, then a (G, B)-crossed product algebra is the same as a G-quantum torus in the terminology of [13] . In this appendix we introduce a "cohomology theory" for crossed product algebras, which is inspired by the classical cohomology theory of groups. The corresponding cohomology spaces are crucial for the classification of trivial noncommutative principal bundles with compact abelian structure group. A detailed discussion for the case G = Z n can be found in [18] .
Factor systems
We start with associating so-called factor systems to pairs (G, B) consisting of a group G and a unital algebra B.
Definition A.1. Let G be a group and B be a unital algebra.
(a) We write C B : B × → Aut(B) for the conjugation action of B × on B.
(b) We call a map S ∈ C 1 (G, Aut(B)) an outer action of G on B if there exists
(c) On the set of outer actions we define an equivalence relation by
and call the equivalence class [S] of an outer action S a G-kernel.
Lemma A.2. Let n ∈ N and B be a unital algebra and consider the group C 1 (G, B × ) with respect to pointwise multiplication. This group acts on the set
and on the product set
The stabilizer of (S, ω) is given by
which depends only on [S], but not on ω, and the following assertions hold:
Proof A proof of this Lemma can be found in [19, Lemma 7.3.2] .
Definition A.3. Let n ∈ N and B be a unital algebra. The elements of the set
are called factor systems for the pair (G, B). By Lemma A.2, the set Z 2 (G, B) is invariant under the action of C 1 (G, B × ) and we write
for the corresponding cohomology space.
Classification of crossed product algebras
Given a group G and a unital algebra B, the main goal of this section is to present a complete classification of (G, B)-crossed product algebras. We start with the precise definition: We thus obtain an extension
of groups, where q(a g ) := g. In particular, A × h is equivalent to a crossed product of the form B × × (S,ω) G for a factor system (S, ω) ∈ Z 2 (G, B). In fact, if we choose a section σ : G → A × h of the extension (4) which is normalized in the sense that σ(1 G ) = 1 A , then we may endow the product set B × × G with the multiplication
where
A short observations shows that this multiplication turns B × × G into a group and we write B × × (S,ω) G for the set B × × G endowed with the group multiplication induced by the factor system (S, ω). In particular, the map
becomes an isomorphism of groups. In this way each (G, B)-crossed product algebra A induces a characteristic class
Lemma A.6. Each (G, B)-crossed product algebra A possesses a characteristic class χ(A) ∈ H 2 (G, B).
Proof Indeed, this statement immediately follows from Construction A.5. 
Proof If A and A ′ are equivalent, then the same holds for their corresponding extensions of Construction A.5. Thus, the claim follows from [11, Chapter IV, Section 4].
Definition A.9. (Set of equivalence classes). Let G be a group and B be a unital algebra. We write Ext(G, B) for the set of all equivalence classes of (G, B)-crossed product algebras.
Lemma A.10. The map
is well-defined.
Proof The statement immediately follows from Proposition A.8.
In the remaining part we show that the map χ is a bijection:
Construction A.11. Let G be a group and B be a unital algebra. Further, let
be a vector space with basis (v g ) g∈G . For a factor system (S, ω) ∈ Z 2 (G, B), we define a multiplication map
given on homogeneous elements by
and write A (S,ω) for the vector space A endowed with the multiplication (5). A short calculation shows that A (S,ω) is a G-graded unital algebra with A 1G = B and unit v 1G . Moreover, each grading space A g contains invertible elements w.r.t. to this multiplication: Indeed, if b ∈ B × , then the inverse of bv g is given by
Thus, A (S,ω) is a (G, B)-crossed product algebra which has characteristic class χ(A (S,ω) ) = [(S, ω)].
Proposition A.12. If G is a group and B a unital algebra, then each element Proposition A.13. Let A be a (G, B)-crossed product algebra. Then A is equivalent to a (G, B)-crossed product algebra of the form A (S,ω) for some factor system (S, ω) ∈ Z 2 (G, B).
Proof Let A be a (G, B)-crossed product algebra. We consider the corresponding short exact sequence of groups
and choose a section σ : G → A × h . Now, a short calculation shows that the map
defines an equivalence of (G, B)-crossed product algebras.
Proposition A.14. Let G be a group and B be a unital algebra. Further, let (S, ω) and (S ′ , ω ′ ) be two factor systems in
. Then the corresponding (G, B)-crossed product algebras A (S,ω) and A (S ′ ,ω ′ ) are equivalent.
Now, a short observation shows that the map ϕ :
is an automorphism of vector spaces leaving the grading spaces invariant. We further have
Hence, the map ϕ actually defines an equivalence of (G, B)-crossed product algebras.
We are now ready to state and proof the main theorem of this section:
Theorem A.15. Let G be a group and B be a unital algebra. Then the map
Proof We first note that Lemma A.10 implies that the map χ is well-defined. The surjectivity of χ follows from Proposition A.12. Hence, it remains to show that the map χ is injective: For this let A and A ′ be two (G, B)-crossed product algebras with χ(A) = χ(A ′ ). By Proposition A.13 we may assume that A = A (S,ω) and A ′ = A (S ′ ,ω ′ ) for two factor systems (S, ω) and (
. Thus, the claim follows from Proposition A.14.
G-Kernels
We just saw that the set of all equivalence classes of (G, B)-crossed product algebras is classified by the cohomology space H 2 (G, B). Moreover, Proposition A.8 in particular implies that equivalent (G, B)-crossed product algebras correspond to the same G-kernel (cf. Definition A.1 (c)). This leads to the following definition: Definition A.16. (Equivalence classes of G-kernels). Let G be a group and B be a unital algebra. We write Ext(G, B) [S] for the set of equivalence classes of (G, B)-crossed product algebras corresponding to the G-kernel 
implies β ∈ Z 2 (G, Z(B) × ) [S] and hence the assertion.
(c) (" ⇒ ") In view of Proposition A.8 and Proposition A.14, the equivalence of the (G, B)-crossed product algebras A (S,ω) and A (S,ω ′ ) is equivalent to the existence of an element h ∈ C 1 (G, B × ) with S = h.S = (C B • h) · S and ω ′ = h * S ω.
Then C B • h = id B implies that h ∈ C 1 (G, Z(B) × ) which in turn immediately leads to ω ′ = h * S ω = (d S h) · ω, i.e.,
(" ⇐ ") If conversely ω ′ ω −1 = d S h for some h ∈ C 1 (G, Z(B) × ), then we easily conclude that h.S = S and ω ′ = h * S ω. is a well-defined action which is both transitive and free.
Proof This follows directly form Proposition A.17.
Remark A.19. (Commutative fixed point algebras) . Let G be a group and suppose that B is a commutative unital algebra. Then the adjoint representation of B is trivial and a factor system (S, ω) for (G, B) consists of a module structure given by a homomorphism S : G → Aut(B) and an element ω ∈ C 2 (G, B × ) satisfying d S ω = 1 B (which is equivalent to ω ∈ Z 2 (G, B × ) [S] ). In this case we simply write A ω for the corresponding (G, B)-crossed product algebra.
Further S ∼ S ′ if and only if S = S ′ . Hence a G-kernel [S] is the same as a G-module structure S on B and Ext(G, B) S := Ext(G, B) [S] is the set of all (G, B)-crossed product algebras corresponding to the G-module structure on B given by S.
According to Theorem A.18, these equivalence classes correspond to cohomology classes of cocycles, so that the map
We now give a condition that ensures the non-emptiness of the set Ext(G, B) [S] for a given G-kernel S. We first need the following definition: 
Hence, (S, ω ′ ) is a factor system for (G, B) and Proposition A.12 implies the existence of a (G, B)-crossed product algebra A (S,ω ′ ) corresponding to the G-kernel [S].
Remark A.25. In view of the terminology of Example ?? (cf. Example 4.16) we could also write ℓ 1 (B × (S,ω) G) for ℓ 1 (A (S,ω) ) and C * (B × (S,ω) G) for C * (A (S,ω) ).
Proposition A.26. Suppose we are in the situation of Construction A.24. Then A is isomorphic (as C * -algebra) to C * (A (S,ω) ).
Proof Since G is amenable and both algebras are topologically graded (cf. [6, Definition 3.4]), the assertion follows from [6, Proposition 4.2] . In fact, a short observation shows that A and C * (A (S,ω) ) generate isomorphic Fell bundles (also called C * -algebraic bundles, cf. [4] ).
